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Abstract
A class of states of the electromagnetic field involving superpo-
sitions of all the excited states above a specified low energy eigen-
state of the electromagnetic field is introduced. These states and the
photon-added coherent states are shown to be the limiting cases of
a generalized photon-added coherent states. This new class of states
is nonclassical, non-Gaussian and has equal uncertainties in the field
quadratures. For suitable choices of parameters, these uncertainties are
very close to those of the coherent states. Nevertheless, these states
exhibit sub-Poissonian photon number distribution, which is a non-
classical feature. Under suitable approximations, these states become
the generalized Bernoulli states of the field. Nonclassicality of these
states is quantified using their entanglement potential.
PACS: 42.50. -p, 42.50.Lc, 03.67.Bg
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1 Introduction
Quantum theory stipulates a lower bound on the product of the uncertainties
of in a pair of non-commuting observables such as the position and momen-
tum, the phase and particle number, etc. In the context of the position-
momentum uncertainty relation ∆x∆p ≥ h¯/2, there are states which satisfy
∆x∆p = h¯/2. Such states are called minimum uncertainty states(MUS), for
example, the coherent states and the squeezed vacuum. Of all the MUS, the
coherent states |α〉[1, 2],
|α〉 = exp
(
−|α|
2
2
)
∞∑
n=0
αn√
n!
|n〉, (1)
defined for every complex number α, are very special as their phase space dis-
tributions (P- andWigner-distributions) are well-defined probability densities[3].
For that reason, the coherent states are considered to be ”classical” among
the quantum states. Any other pure state of a harmonic oscillator is non-
classical, in the sense that its phase space distribution (P-function or Wigner)
fails to be non-negative. Interestingly, superpositions of two coherent states
generate non-classical states; the even and odd coherent states[4, 5, 6] are
prime examples of such states. In the case of the electromagnetic field,
photon-addition and state truncation are two other processes to create non-
classical states from coherent states[7, 8]. Both these routes have been ex-
perimentally realized[9, 10, 11, 12]. In the process of state truncation, a
finite number of Fock states are retained in the coherent states. Truncated
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coherent states (TCS) are defined as[13, 14, 15, 16]
|α,N ;u〉 = Nu
N∑
n=0
αn√
n!
|n〉, (2)
where N−2u is exp(|α|2)[1 − γ(N + 1, |α|2)/N !]. The incomplete Gamma
function γ(N,x) [17]is defined as
γ(N,x) = (N − 1)!

1− exp(−x)N−1∑
j=0
xj
j!

 , (3)
N being the order of the function. Since there is an upper limit on the
number of Fock states involved in the superposition, this state is referred as
upper-truncated coherent states (UTCS). These experimentally realizable
states have been studied extensively for their nonclassical features[14, 18,
19, 20, 21]. In the limit N → ∞, |α,N ;u〉 becomes the coherent state |α〉.
Another class of states associated with the UTCS is defined as follows:
|α,N ; l〉 = Nl
∞∑
n=0
αn√
(N + 1 + n)!
|N + 1 + n〉. (4)
The normalization constant satisfies N−2l = exp(|α|2)γ(N+1, |α|2)/N !. The
lower limit on the Fock states implies that these states could be aptly termed
as lower-truncated coherent states (LTCS). By construction, the UTCS and
LTCS are orthogonal to each other. If α→ 0, then |ψ,N〉u and |ψ,N〉l are
|0〉 and |N + 1〉 respectively. The canonical coherent state |α〉 is expressed
as
|α〉 = exp(−|α|
2/2)
NuNl
[
Nl|α,N ;u〉 +NuαN+1|α,N ; l〉
]
. (5)
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In this work, the properties of the LTCS are presented and compared
with those of the UTCS. In Section II, the relation between the LTCS and
another well known nonclassical state, namely, the photon-added coherent
states (PACS) is established. Nonclassical features such as squeezing and
sub-Poissonian statistics are discussed in Section III, followed by a summary
of the results in Section IV.
2 LTCS and Photon-added coherent states
Photon-addition is mathematically represented by the action of a suitable
creation operator on a state of the electromagnetic field. The process leads
to generation of nonclassical states from the coherent states[7]. The process
and its various generalizations have been studied both experimentally and
theoretically[9]; see [22] for a recent review.
Photon-added coherent states (PACS) are defined as[7]
|α,m〉 ∝ aˆ†m|α〉 = exp(−|α|
2
2
)
∞∑
n=0
αn
√
(n+m)!
n!
|n+m〉. (6)
The parameter m is the order of the PACS. These states have been experi-
mentally realized in optical parametric down-conversion[9]. Both the LTCS
|α,N ′l〉 and the PACS |α,m〉 with m = (N + 1) are defined are superposi-
tions of the the same set of Fock states {|n〉} [n = m+1, m+2, · · ·]. To see
the connection between the two states, consider the deformed annihilation
operator Aˆ = (1+ kaˆ†aˆ)aˆ, where k is nonnegative, not exceeding unity. As-
sociated with Aˆ is the ”deformed creation operator” Bˆ† = aˆ†(1 + kaˆ†aˆ)−1,
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and these two operators satisfy
[
Aˆ, Bˆ†
]
= I[23]. It is important to note that
Bˆ† is not the adjoint of Aˆ. Starting with the coherent state |α〉, define
|α,m〉k = NkBˆ†m|α〉 = Nk
∞∑
n=0
αn
n!
√
(n+m)!
Πm−1j=0 (1 + kn+ kj)
|n+m〉. (7)
In the limit of vanishing k, the state |α,m〉k becomes the m-PACS |α,m〉;
with k = 1, the state becomes the LTCS. Hence, the PACS and LTCS
are the limiting cases of the deformed-PACS |α,m〉k. If k = 1, the creation
operation Bˆ† = aˆ†(1+ aˆ†aˆ)−1 is the right inverse of the annihilation operator
aˆ, that is, aˆBˆ† = I[24]. Thus, the LTCS are the obtained by the repeated
application of the right inverse of aˆ on the coherent state |α〉. The notion
of deformed photon-addition has been discussed in the context of Posch-
Teller potential[25] too. The overlap between the PACS and LTCS of same
amplitude α and order N + 1 is
|〈α,N + 1|α,N ; l〉l|2 = |α|
2(N+1)
(N + 1)γ(N + 1, |α|2)LN+1(−|α|2) , (8)
where LN (x) is the Laguerre polynomial of order N [17]. For large values of
N , the overlap becomes negligible indicating that the two limiting cases are
nearly orthogonal to each other.
It is known that the PACS of order N+1 provide a resolution of identity
for the subspace spanned by the number states |N + 1〉, |N + 2〉, |N + 3〉, · · ·[26].
A similar relation holds for the LTCS too. In this case,
1
pi
∫
d2α
γ(N + 1, |α|2)
N !
|α,N ; l〉〈α,N ; l| = I −
N∑
n=0
|n〉〈n|. (9)
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The RHS of the above equation is the identity operator on the subspace
spanned by |N + 1〉, |N + 2〉, |N + 3〉, · · ·. From the definition of the in-
complete Gamma function given in Eq. 3, it is seen that γ(N + 1, x) is
non-negative if x ≥ 0. This means that the weight function in the resolution
of identity by the LTCS is nonnegative.
The result that a LTCS of order N + 1 is obtained by the action of the
deformed creation operator Bˆ†N on the coherent state |α〉 leads to a plausi-
ble method of generating these states, in close parallel to the suggestion by
Agarwal and Tara[7] to generate the PACS. Consider a two-level atom in-
teracting with a single-mode of the electromagnetic field. The Hamiltonian
in the interaction picture is taken to be HI = h¯λ
[
Bˆ†σ− + Bˆσ+
]
, which is a
generalized Jaynes-Cummings model of atom-field interaction[27, 28]. This
interaction corresponds to an intensity-dependent atom-field coupling. Here
σ+ and σ− are respectively the raising and lowering operators for the atomic
states |e〉 and |g〉 and λ is coupling constant. The actions of the raising and
lowering operators on the atomic states are given by σ±|e〉 = (|g〉 ∓ |g〉)/2
and σ±|g〉 = (|e〉 ± |e〉)/2. The initial state of the atom-field state is |α〉|e〉;
the atom in the excited state |e〉 and the field in the coherent state |α〉. If
the interaction duration is small (|tλ| << 1), then the evolution operator is
approximated to
exp(−iHIt/h¯) ≈ I − itλ
[
Bˆ†σ− + Bˆσ+
]
. (10)
The time-evolved state of the atom-field system is the superposition |α〉|e〉−
itλBˆ†|α〉|g〉, an entangled state of the system. Subsequent to the interaction,
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if the atom is detected in its ground state |g〉, the field is in the state Bˆ†|α〉,
which is the LTCS with N = 0. If another two-level atom in its excited
state interacts with this resultant field Bˆ†|α〉, and the the atom is detected
in its ground state after the interaction, the field changes to Bˆ†2|α〉. After
interacting with a sequence of N atoms which are subsequently detected
in their respective ground states, the initial coherent state of the field is
transformed to Bˆ†N |α〉, the LTCS of order N . It is possible to make the
atom-field coupling to be time-dependent and its form can be tailored to
generate arbitrary superpositions[30]. Another route to realize the type
of the intensity-dependent coupling is to consider situations in which the
rotating-wave approximation is not suitable and the resulting Hamiltonian
is equivalent to including an intensity-dependent interaction of the form
(1− kaˆ†aˆ)aˆ, which approximates the operator (1+ kaˆ†aˆ)−1aˆ when k〈aˆ†aˆ〉 <
1[31], wherein the expectation value 〈aˆ†aˆ〉 is in the state |α,N ; l〉. Further, it
has been shown that the properties of a cavity containing nonlinear media
can be tuned to provide different forms of intensity-dependent atom-field
couplings[32].
Another state that is relevant in the context of the commutation
[
Aˆ, Bˆ†
]
=
I is exp(αBˆ† − α∗Aˆ)|0〉, whose Fock basis expansion is
exp(αBˆ† − αAˆ)|0〉 ∝
∞∑
n=0
αn√
n!
1
(1 + k)(1 + 2k) · · · (1 + (n− 1)k) |n〉. (11)
Since Bˆ† is not the adjoint of A, the operator exp(αBˆ†−α∗Aˆ) is not unitary.
However, its action on the vacuum results in a state that is normalizable for
all values of α. In this work, these states are not discussed further.
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3 Nonclassical features
Pure states of the electromagnetic field, except the coherent states, are non-
classical. Squeezing and sub-Poissonian statistics are two of the experimen-
tally verifiable nonclassical features that a state of the electromagnetic field
can exhibit. In this section, these two aspects of the LTCS are discussed. If
the deforming parameter k = 1, the expectation of the annihilation operator
and creations operators are
〈aˆ〉u = 〈aˆ†〉∗u = Nα
(N − 1)!− γ(N − 1, |α|2)
N !− γ(N, |α|2) (12)
〈aˆ2〉u = 〈aˆ†2〉∗u = N(N − 1)α2
(N − 1)! − γ(N − 1, |α|2)
N !− γ(N, |α|2) , (13)
〈aˆ〉l = 〈aˆ†〉∗l = α, (14)
〈aˆ2〉l = 〈aˆ†2〉∗l = α2. (15)
The subscripts u and l refer to the UTCS and LTCS respectively. An inter-
esting feature is that the expectations values of the two operators in LTCS
are independent of N . However, the expectation value of the number oper-
ator aˆ†aˆ does not possess this feature,
〈aˆ†aˆ〉u = N (N − 1)!− γ(N − 1, |α|
2)
N !− γ(N, |α|2) |α|
2 (16)
〈aˆ†aˆ〉l = N |α|2 γ(N, |α|
2)
γ(N + 1, |α|2) (17)
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3.1 Squeezing in X and P quadratures
For the single mode electromagnetic field, the following quadratures are
defined,
Xˆ =
aˆ† + aˆ√
2
Pˆ =
aˆ− aˆ†
i
√
2
. (18)
The corresponding uncertainties are (∆X)2 = 〈Xˆ2〉 − 〈Xˆ〉2 and (∆P )2 =
〈Pˆ 2〉 − 〈Pˆ 〉2. For the coherent states of the electromagnetic field, uncer-
tainties in the two quadratures are equal to 1/2. A state is said to exhibit
squeezing in a quadrature if the uncertainty in that quadrature is smaller
than 1/2. The PACS, which corresponds to k = 0 in |α,m〉k, exhibits squeez-
ing. In Fig. 1, the uncertainty in X quadrature is shown as a function of the
parameter k, for three different values of N . The lowest values of ∆X are
achieved for the PACS (k = 0 case in the figure). However, squeezing occurs
over a substantial range of k. If N < |α|2, the amount of squeezing in the
X-quadrature is larger for smaller N . The range of k over which squeezing
occurs, however, decreases as N increases.
In this work, the focus is on the properties of the LTCS. Explicit expres-
sions for the uncertainties in the LTCS are
(∆X)2l = (∆P )
2
l =
1
2
[
1 + 2|α|2
[
(N + 1)
γ(N, |α|2)
γ(N + 1, |α|2) − 1
]]
. (19)
In Fig. 2 , the variation of ∆X and ∆P are shown for different values of N
for the LTCS corresponding to α =
√
10.
It is seen from the figures that the quantities ∆X and ∆P are nearly
equal to those of the coherent state α, for N ≤ |α|2, though the average
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number of photons is high. If the condition on N is satisfied, the states
|ψ〉l are MUS with equal variances in the quadratures, whereas the squeezed
vacuum is a MUS though with unequal distribution of fluctuations. Unlike
in the case of the PACS, the uncertainties in the two quadratures are equal
for the LTCS, which holds for the number states and coherent states too.
This, in turn, means that LTCS cannot exhibit reduced fluctuation in any
of the quadratures, whereas PACS exhibits squeezing.
For comparison, uncertainty profiles for the UTCS are also given in Fig.
2. In the state |ψ,N〉u, squeezing occurs if the magnitude of α is small. In
that limit, UTCS is well approximated by a superposition of the vacuum
state |0〉 and the single photon state |1〉. Such states are known as Bernoulli
states and they exhibit squeezing[29].
The overlap |〈α|α,N〉l|2 between the coherent state |α〉 and the UTCS is
exp(−|α|2)∑Nn=0 |α|2n/n!. If N >> |α|2, the summation is nearly exp(|α|2)
and the overlap is almost equal to unity. In that case, the UTCS is almost
the coherent state |α〉, which is a MUS. It is interesting to note that for
the UTCS the maximum uncertainties in the quadratures occur when N ≈
|α|2/√2.
3.2 Phase distribution
Phase distribution of a quantum state of the electromagnetic field provides
information about uncertainty in the phase of the field. This, in turn, im-
poses a lower limit on the the fluctuations in the number of photons. An
useful approach to define phase distribution is the Pegg-Barnett formulation
11
[33]. Phase distribution of an arbitrary state of the field is obtained by the
overlap of the state with the phase state
|θ〉 = 1√
1 + s
s∑
n=0
einθ|n〉. (20)
and taking the limit s → ∞. The respective phase distributions for the
states |ψ〉u and |ψ〉l are
Pu(θ) = lim
s→∞
s+ 1
2pi
|〈θ|ψ〉u|2 = N2u
∣∣∣∣∣
N∑
n=0
exp(−inθ)αn√
n!
∣∣∣∣∣
2
, (21)
and
Pl(θ) = lim
s→∞
s+ 1
2pi
|〈θ|ψ〉l|2 = N2l
∣∣∣∣∣∣
∞∑
n=N+1
exp(−inθ)αn√
n!
∣∣∣∣∣∣
2
. (22)
The phase distributions for the UTCS and LTCS are shown in Figs. 3 and
4 respectively, for three different values of N . As the cutoff N increases, the
phase-distribution of UTCS approaches that of a coherent state of amplitude
α. In the case of LTCS, the phase-distribution broadens as N increases. This
feature is shown in Fig. 4. If N >> |α|2, the LTCS is a superposition of the
states |N + 1〉 and |N + 2〉,
|α,N ; l〉 ≈
√
N + 2
2 +N + |α|2
[
|N + 1〉+ α√
N + 2
|N + 2〉
]
. (23)
Such a superposition has a fairly well defined number of quanta, the corre-
sponding uncertainty in the number of photons is
(∆n)2 = 〈aˆ†aˆaˆ†aˆ〉 − 〈aˆ†aˆ〉2 = |α|
2(2 +N)
(2 + |α|2 +N)2 . (24)
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If N >> |α|2, then ∆n << 1, that is, the photon number fluctuation is
small. Consequently, the phase distribution is broad.
The photon-number distribution of the LTCS is not Poissonian. Whether
it is sub-Poissonian or not is inferred from the Q-parameter introduced by
Mandel[34],
Q =
〈∆n〉2
〈aˆ†aˆ〉 − 1 =
|α|2
(2 +N + |α|2)(1 +N + |α|2) − 1 < 0. (25)
for the state given in Eq. 23, which is the large-N limit of the LTCS. This
parameter is used to quantify the deviation from the Poissonian distribution.
Consequently, the Q-parameter assumes negative values signalling the sub-
Poissonian nature of the LTCS. Though the above closed form expressions
have been obtained taking N to be large, numerical evaluation of Q for
the exact LTCS shows that the states are indeed sub-Poissonian. The N -
dependence of the Q parameter is shown in Fig. 5. It is seen that for all
values of N the Q-parameter is negative.
3.3 Entanglement Potential
Nonclassicality of a quantum state is amenable to quantification and many
measures of nonclassicality are known: nonclassical distance[35, 36], nonclas-
sical depth[37], phase-space volume of the negative regions of the Wigner
distribution[38], etc. Of these, the criterion based on the Wigner function is
measurable as the Wigner function of a quantum state can be constructed
by measuring a suitably chosen set of observables[39, 40, 41]. Recently, As-
both et al proposed a measure of nonclassicality of any quantum state of
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a single-mode of the electromagnetic field[42]. Beam-splitter is a device in
which two input modes interact to generate two output modes. In principle,
due to the interaction, the output modes can be entangled. A necessary
condition for a beam-splitter to generate entangled output state is that at
least one of the inputs should be a nonclassical[43, 44]. This feature has
been used to define a new measure of nonclasciality called entanglement po-
tential. It is the amount of entanglement between the two output modes
when the input ports are fed with states |0〉|ψ〉, where |0〉 is the vacuum of
one of the modes and the |ψ〉 is the state of field input in the other mode.
Though both the LTCS and UTCS are nonclassical states, it is important
to compare the entanglement potentials of the two states. Each of the in-
put ports of a beam-splitter is modelled as a mode. The unitary operator
representing the action of a beam-splitter is exp[Γaˆ†bˆ − Γ∗aˆbˆ†], Γ repre-
sents the complex transmittance of the beam splitter[28]. Here aˆ and aˆ† are
the annihilation and creation operators for one of the input ports. For the
other input port, the corresponding operators are bˆ and bˆ†. The operators
K+ = aˆ
†bˆ, K− = aˆbˆ
† and K0 = (aˆ
†aˆ− bˆ†bˆ)/2 are generators of the SU(1,1)
algebra. One form of disentangled representation of the unitary operator is
exp(ΓK+−Γ∗K+) = exp(2 ln |Γ|K+) exp(−e−iθ tan |Γ|K0) exp(eiθ tan |Γ|K−),
(26)
where Γ = |Γ| exp(iθ)[45]. If vacuum is the input in one of the input ports
and |ψ〉 =∑∞n=0 cn|n〉 in the other input port, the output state |χ〉 is
|χ〉 =
∞∑
n=0
cn exp(nB)
n∑
k=0
Ak
√
nCk|n− k〉|k〉. (27)
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Then the reduced density operator for the a-mode is
ρa =
∞∑
n,m=0
cnc
∗
m exp(B(n+m))
min(n,m)∑
k=0
|A|2k
k!
√
nCk
√
mCk|n− k〉〈m− k|,
(28)
where B = −e−iθ tan |Γ| and A = 2 log sec |Γ|. For 50-50, symmetric beam
splitter, Γ = ipi/4. The coefficients cn are those of the LTCS or UTCS
depending on which state of the field is used in the input port of the beam-
splitter.
A measure of entanglement for two-mode, pure states is the mixedness
of the reduced density operator of one of the subsystems, and linear entropy
1 − Tr[ρ˜2a], quantifies the mixedness[46]. Hence, the entanglement between
the output field modes is measured by the linear entropy of one of the output
modes. The amount of entanglement introduced by the beam-splitter is a
measure of nonclassicality of the input field[42]. In Fig. 6, the linear entropy
of the reduced density operator for the output from the beam-splitter is
shown. With the UTCS and vacuum as the input fields, the linear entropy
decreases as the number of Fock states in the UTCS increases. Higher
the cutoff, the UTCS approximates the coherent state |α〉; consequently,
the output fields are less entangled. The entanglement potential of the
LTCS increases as the cutoff N increases, a feature shared by the PACS as
well[47]. As N increases, the LTCS is essentially the number state |N〉, as
evident from the large N limit of Eq. 23 and the entanglement potential of
the number state increases with N . Since the nonclassicality of the UTCS
decreases with N and that of the LTCS increases, there exists a value of
the cutoff parameter at which the states have nearly the same entanglement
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potential. If amplitude α =
√
10, the entanglement potential of the two
states are nearly equal if the cut-off parameter N = 4.
Recently, the entanglement potential of the PACS has been studied in
detail[48]. Since the LTCS and PACS of equal order are defined on the same
sector of the Hilbert space, it is of interest to compare the entanglement
potential of these states. The expression for the reduced density operator
given in Eq. 28 is used with the coefficients cn being those of the PACS given
in Eq. 6. In Fig. 7, the entanglement potential of the LTCS of order N is
compared with the PACS of same order for N = 1 2,3 and 4. It is seen that
the LTCS has higher entanglement potential compared to the PACS. This,
in turn, means that the LTCS are better suited for generating entangled
output modes in a beam-splitter than the PACS. Currently, a comparison of
the two states in the context of quantum teleportation is being investigated,
the results of which will be presented elsewhere.
4 Summary
The states obtained by removing a set of contiguous, low energy Fock states
from the coherent states of the electromagnetic field are non-Gaussian and
nonclassical. These truncated coherent states possess equal uncertainties
in the two quadratures, and do not exhibit squeezing. Additionally, if the
cutoff parameter N is less than |α|2, the product of the uncertainties at-
tains its minimum, like that of the coherent states. In this approximation,
these states are minimum uncertainty states whose average photon number
is large (because |α| is large), but the photon statistics is sub-Poissonian.
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These states provide a resolution of identity for the subspace spanned by the
Fock states |N +1〉, |N +2〉, |N +3〉, · · ·. The noncalssicality, quantified by
the entanglement potential, of the truncated states increases as the cutoff N
increases. This is related to the fact that if N > |α|2, the states are well ap-
proximated by a superposition the successive Fock states |N+1〉 and |N+2〉,
which is the generalized Bernoulli state. Further, the entanglement poten-
tial of the truncated coherent states is higher than that of the photon-added
coherent states of same amplitude and order. The photon-added coherent
states and the lower truncated coherent states are the limiting cases of a
suitably deformed photon-added coherent state, wherein the deformation is
effected by a function of the number operator. The photon-added coher-
ent states exhibit squeezing which is absent in truncated coherent states.
The states which interpolate between these two liming cases show squeez-
ing. Further, the entanglement potential of truncated coherent states is
always higher than that of the photon-added coherent states. The Jaynes-
Cummings hamilotnian without rotating wave approximation is the type of
interaction required to produce these interpolating states.
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Figure 1: Uncertainty in X-quadrature as a function of the parameter k for
states |α,N〉k, with N = 2 (continuous), N = 3 (line with dots) and N = 5
(dashed). In all cases α =
√
10. The limiting cases corresponding to k = 0
and 1 are the PACS and LTCS respectively.
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Figure 2: Uncertainty profiles of X− and P−quadratures for the UTCS and
LTCS as a function of the cutoff number N . For the UTCS, ∆X (×) and
∆P (.)are shown; for LTCS ∆X(*) is shown, which is also the profile for
∆P . In all cases α =
√
10.
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Figure 3: Phase distribution Pu(θ) for the UTCS for two different values of
the cutoff parameter, N = 2 (continuous), N = 10 (dashed) and N = 20
(dot-dash). The amplitude α =
√
10.
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Figure 4: Phase distribution Pl(θ) for the LTCS for two different values
of the cutoff parameter, N = 2 (continuous), N = 10 (dashed) and N =
20(dot-dash). The amplitude α =
√
10.
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Figure 5: Q-parameter as a function of the cut-off parameter N for the
LTCS of amplitude α =
√
10.
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Figure 6: Entanglement potential as a function of the cut-off N for the
UTCS (dots) and LTCS (star) of amplitude α =
√
10.
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Figure 7: Entanglement potential as a function of |α| for the
PACS(continuous) and LTCS (dash). Figs. (a)-(d) correspond to the lower
cutoff values N=1,2,3 and 4 respectively.
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